Abstract. Some results are established giving conditions on/(x) so that its main diagonal Padé approximation Rn(x) is of the form Pn(x)/Pn(-x), where P"(x) is a polynomial in x of degree n. A number of applications to special functions are presented. Numerical computations are given for the gamma function using the "bignum" arithmetical facilities of formula manipulation languages REDUCE2, FORMAC.
n. A number of applications to special functions are presented. Numerical computations are given for the gamma function using the "bignum" arithmetical facilities of formula manipulation languages REDUCE2, FORMAC.
1. Introduction. Suppose fix) is represented by the at least formal series 00 (1) fix) = 2 ckxk,
then the main diagonal Padé approximation to/(x) is of the form (2) Rn(x) = Pn(x)/Qn(x),
where P"(x) and Qn(x) are polynomials in x of degree «. That is,
f(x)-Rn(x) = 0(x2"+x).
If (4) Qn(x) = P"(-x), R"(x) = Pn(x)/Pn(-x), then evaluation of 7?"(x) can be considerably simplified in the sense that the number of operations required is as though only a single polynomial needs to be evaluated instead of two polynomials. For a case in point, it is known (e.g., [7] ) that if fix) = e~x, then (4) is true. The simplification results by separately evaluating the odd and even parts of P"(x). In this connection, see the discussion given by Luke [4, p. 192] and [5, p. 48] .
In this paper, we present some more cases where the Padé approximant is of the form (4). We call such rational approximations polynomial type Padé approximants.
2. Functions with Polynomial Type Padé Approximants. We prove Theorem 1. Let fix) be given by (1) , and suppose that (2) and (3) hold. Further, suppose that (5) f(x).f(.x) = i.
Then (4) That is, the formal expansion of the logarithm of the function contains only odd powers of x. Note 2. This result first appeared in [6] . Proof. It is known that if R"(x) as given by (2) is the Padé approximation of fix), then the reciprocal of (2) is the Padé approximation of l//(x); see [2] . So
That is Qn(x) = pPn(-x) and P"(x) = pQn(-x), where p is a constant. Since ß"(0) = P"(0) = c0, p = 1 and (4) holds. An interesting application of our result is the Stirling series. It is a well-known fact
But we also know that In Section 3 we shall present the integer coefficients of the polynomials Pn(x) for « = 1,..., 5, and in the tables presented at the end of this paper for « = 1,..., 10.
For another application, consider
In this instance
Then 77(z) is of type (6) . So xG(x) = 77(z). If we take z = k, k an integer, we get a remarkable approximation to the asymptotic series in the Wallis formula for large k:
The third example is the binomial function ((1 -x)/(l + x))°. This function satisfies condition (6) . So Padé approximants exist of the form (18) where
The polynomials Dn(x) satisfy the recurrence relation
The function ((1 -ix)/(l + ix))'" = exp{-2»>arctanx} can be approximated in a similar manner. The Padé approximants also exist and are of the form (21)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use The polynomials C"(x) satisfy the recurrence relation
Another result is Theorem 2. Let fix, a) be given by (I) and suppose that (2) and (3) hold where P"(x) is replaced by P"(x, a), etc. Further, suppose that
Rn(x,a)
Qn(x,a)'
Q"(x,a) = P"(x,-a).
The proof is much like that for Theorem 1, and we omit details.
For an illustration of this theorem, we have
a result given by Luke in [4, p. 170].
3. Numerical Results. We have computed the coefficients of the polynomial type Padé approximants for F(x) in Stirling's formula for T(z) in (8) .
If the asymptotic series of F(x) is In the numerical computation of the Padé coefficients we have made use of the fact that algebraic manipulation languages offer a facility for calculation with large integer and rational numbers ("bignum" arithmetics).
The p\n) rational coefficients were computed from Eqs. (32) and (33). The Padé approximant was then taken in the form PÂx) P*(x)
where P*(x)ha& integer coefficients, and we computed the/>,*(n)'s by multiplying the p\n) 's by their common denominators.
The numerical values of the c, coefficients of the asymptotic series of F(z), for « = 1,... ,20, were taken from the paper by J. W. Wrench [10] .
The p*(n) integer coefficients are listed in Table 1 for « = 1,.. .,5, and in the tables presented at the end of this paper for « = 1,..., 10. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
